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Abstract 
This work presents a new approach to systematically design piezoelectric ultrasonic transducers based on Topology Optimization 
Method (TOM) and Functionally Graded Material (FGM) concepts. The main goal is to find the optimal material distribution of 
Functionally Graded Piezoelectric Ultrasonic Transducers, to achieve the following requirements: (i) the transducer must be 
designed to have a multi-modal or uni-modal frequency response, which defines the kind of generated acoustic wave, either short
pulse or continuous wave, respectively; (ii) the transducer is required to oscillate in a thickness extensional mode or piston-like 
mode, aiming at acoustic wave generation applications. Two kinds of piezoelectric materials are mixed for producing the FGM 
transducer. Material type 1 represents a PZT-5A piezoelectric ceramic and material type 2 represents a PZT-5H piezoelectric 
ceramic. To illustrate the proposed method, two Functionally Graded Piezoelectric Ultrasonic Transducers are designed. The 
TOM has shown to be a useful tool for designing Functionally Graded Piezoelectric Ultrasonic Transducers with uni-modal or 
multi-modal dynamic behavior. 
PACS: 07.05.Tp; 43.38.FX
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1. Introduction 
A new concept has been applied to design piezoelectric transducers: Functionally Graded Material (FGM) 
concept. In this work, these piezoelectric transducers are named Functionally Graded Piezoelectric Transducers 
(FGPT). In general, FGMs possess continuous graded properties with gradual change in microstructure [1]. The 
FGM concept can be applied to piezoelectric ultrasonic transducers to reduce reflection wave inside them [2], and to 
obtain smaller time waveform (large bandwidth) [3, 4], which is desirable in medical imaging and non-destructive 
testing applications. 
Although there exist literature concerning FGPT manufacturing, research that focuses on the systematic design 
and analysis of FGPTs is rather scarce and deals with analytical techniques, which grade a single material property.
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On the contrary, by using finite element approaches, 2D and/or 3D FGPT can be designed, considering one or more
gradation properties. Many of the existing numerical approaches are based on multilayer design, where the material
properties vary from layer to layer and are uniform at each layer [5]. Additionally, several works have shown that
the gradation function of an FGPUT can influence its performance [5], though the best property gradation function
for a specific application has not been demonstrated.
This research proposes a new, generic and systematic topology optimization formulation to find the optimum
material gradation of FGPTs aiming ultrasonic applications. FGPTs are designed by using the Topology
Optimization Method (TOM). The TOM is a generic and systematic optimization technique, which combines
optimization algorithms with Finite Element Method to maximize a user-defined objective function. The main goal
is to find the optimal material distribution of Functionally Graded Piezoelectric Ultrasonic Transducers (FGPUT) to 
achieve the following requirements: (i) designing uni-modal transducers; (ii) designing multi-modal transducers.
The Modal Assurance Criterion [6] is applied to track the desirable piston-like mode. The applied optimization
algorithm is based on Sequential Linear Programming and the concept of the Continuum Approximation of Material
Distribution is considered for achieving continuous material gradation [7].
2. FGPUT Modeling
The constitutive relations for piezoelectric media may be derived in terms of their associated thermodynamic
potentials. Assuming the strain tensor S and the electrical field E as independent variables, the constitutive
piezoelectric equations are written (with Einstein’s convention) [8]:
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where T and D are respectively the stress tensor and the electric displacement vector. The elasticity tensor CE
(elastic stiffness at constant electric field), the piezoelectric coefficient tensor e, and the dielectric constant tensor HS
(dielectric susceptibility at constant strain) are assumed to vary along the Cartesian coordinates x and y (for a two-
dimensional model). Completing the piezoelectric model, the mechanical and electrical equilibrium equations are
applied. The mechanical balance corresponds to the calculation of the forces expressed by the Newton’s equation
and the electrical balance is based on the Gauss’s theorem. After a mathematical manipulation, the equilibrium
equations for a piezoelectric medium (including equilibrium balance) are written as: 
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where U is the density of the material, which varies along the Cartesian coordinates x and y; r is a unit vector in
the Cartesian coordinate system; u is the displacement vector; and Z is the circular frequency.
3. Optimization Problem 
The topology optimization problem is formulated to find the optimal gradation law of a FGPUT. The transducer
must be designed to have a multi-modal or uni-modal frequency response, which defines the kind of generated
acoustic wave, either short pulse or continuous wave, respectively. Furthermore, the transducer is required to 
oscillate in a thickness mode (piston-like mode), aiming at acoustic wave generation applications.
For uni-modal transducers, the electromechanical coupling of a desirable mode k must be maximized, and the
electromechanical coupling of the adjacent modes (mode number k + a1 with a1 = 1, 2,., A1, and/or k – a2 with a2 =
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1, 2,…, A2) must be minimized. Additionally, the resonance frequencies of the modes k1 = k + a1 with a1 = 1, 2,…, 
A1 must be maximized, and the resonance frequencies of the modes k2 = k – a2 with a2 = 1, 2,…, A2 must be
minimized. For multi-modal transducers, the electromechanical couplings of a mode set must be maximized, and
their resonance frequencies must be approximated.
For uni-modal (F1) and multi-modal (F2) transducers, the objective functions are given as:
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where, for uni-modal transducers (see (3)), the terms , and  represent the electromechanical 
coupling (measured by the Piezoelectric Modal Constant – PMC [8]) of the desirable mode, the left and the right
adjacent modes, respectively. The terms , (i = 1, 3) and (j = 2, 4) are the weight coefficients for each 
mode considered in the objective function F
kr
A 1kr
A
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A
kw 1kiw 2kjw
1. Finally, the terms  and  represent the eigenvalues of the left and
the right modes with relation to the desirable one (mode number k), and the term n is a given power. For multi-
modal transducers (see (4)), the constant m is the number of modes considered, the terms  and  are the current
and desirable (or user-defined mode) eigenvalues for mode k (k = 1, 2,…, m), respectively; and Ȧ  are the
resonance frequencies for mode k (k = 1, 2,…, m).
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For uni-modal and multi-modal transducers, the proposed optimization problem is expressed as:
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where U720(x, y) is the design variable (pseudo-density) at Cartesian coordinates. The term :s describes the
amount of piezoelectric material at two-dimensional domain :. The second requirement (mode shape tracking) is
achieved by using the Modal Assurance Criterion (MAC) [6], which is widely used to compare experimental and
theoretical modal analyses. The optimization problem is formulated as finding the material gradation of an FGPUT,
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which maximizes the multi-objective function F subjected to a piezoelectric volume constraint. That constraint is
implemented to control the amount of piezoelectric material into the design domain, :.
Since FGPUT can be constructed by sintering a layer-structured ceramic green body without using adhesive
material, the optimization problem is arranged as a layer-like optimization problem; in other words, the design
variables are considered equals at each layer line. This makes the FGPUT manufacturing possible. However, the
layer-like optimization implies that the finite element mesh must be homogeneous.
4. Numerical Implementation
To treat the gradation in FGPUTs, the material property is continuously interpolated inside each finite element
based on property values at each finite element node. This approach is named Graded Finite Element (GFE)
formulation [9]. In this research, the piezoelectric GFE employs the same shape functions Nn to interpolate the
unknown nodal displacements and electrical potentials, spatial coordinates, and the material constants. Thus, the
elastic CE, piezoelectric e, and dielectric HS material properties in (2) are respectively given by:
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where nd is the number of nodes per finite element. On the other hand, the Continuum Approximation of Material
Distribution (CAMD) concept [7] is used to continuously represent the material distribution. The CAMD considers
that the design variables inside the finite element are interpolated by using, for instance, the FE shape functions Nn.
Thus, the pseudo-density  at each graded finite element e can be expressed as:eTOMȡ
 (7)
where  and Ni are respectively the nodal design variable and shape function for node i (i = 1,…,nd), and nd is 
the number of nodes at each GFE. This formulation allows a continuous distribution of material along the design
domain instead of the traditional piecewise material distribution applied by previous formulation of topology
optimization [10].
Finally, it is implemented a new scheme to achieve an explicit gradient control by introducing a layer of nodal
variables on top of the existing nodal variables [11]. The variables in the new layer are used as design variables,
which are updated by the iterative optimization process. The projection technique employs a function to relate the
nodal design variable  to the nodal material pseudo-density . That projection function is defined as:
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where is the nodal design variable assumed to be located at node i; is the material pseudo-density
located at node j; and S
n
TOMi
ȡ pTOM jȡ
i  is the set of nodes j in the subdomain under influence of node i. In other words, the
subdomain Si corresponds to a circle with its center located at the node i and user-defined radius equal to rmin. The 
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terms xi and xj represent the Cartesian coordinate of nodes i and j, respectively. Last, W represents a weight function
[11].
5. Results
To illustrate the proposed method, a uni-modal and a multi-modal FGPUT are designed considering plane strain
assumption. The design domain used is shown in Fig.1. The design domain is specified as a 20 mm by 5 mm
rectangle with two fixed supports at the end of the left and right-hand sides. The idea is to simultaneously distribute
two types of materials into the design domain. The material type 1 is represented by a PZT-5A piezoelectric ceramic
and the material type 2 is a PZT-5H. Initially, the design domain contains only PZT-5A material and a material
gradation along thickness direction is assumed. A mesh of 50 x 30 finite elements is adopted.
Fig.2 and Fig.3 show the results when a uni-modal and a multi-modal FGPUTs are designed by using TOM. For
the uni-modal transducer, the electromechanical coupling (measured by the PMC [8]) value of the piston-like mode
is increased by 59% while the PMC values of adjacent modes are decreased approximately by 75%. For the multi-
modal transducer, the PMC value of the piston-like mode is increased by 15%, while the PMC values of the left and 
right adjacent modes are increased by 15% and 181%, respectively. In both designs, the piston-like mode is kept,
producing the highest mean axial displacements on the top and bottom transducer surfaces. Thus, the TOM has
shown to be a general and powerful approach for designing FGPUTs; specifically, to design uni-modal and multi-
modal transducers.
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Fig.1  Design domain for FGPUT design.
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Fig.2 Design of a uni-modal FGPUT. (a) Final piston-like mode (dashed and solid lines respectively depict non-deformed and deformed
structures) and final material distribution; (b) initial and final frequency response.
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Fig.3  Design of a multi-modal FGPUT. (a) Final piston-like mode (dashed and solid lines respectively depict non-deformed and deformed
structures) and final material distribution; (b) initial and final frequency response.
6. Conclusion
This paper presents a systematic study of the topology optimized design of FGPUTs. The TOM allows finding
the optimal gradation properties to enhance FGPUT performance, aiming to design uni-modal and multi-modal
transducers, keeping user-defined eigenmode shapes. Hence, the technique here presented can be successfully
applied as a systematic tool for designing these transducers.
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